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A crossover between two mechanisms destabilizing the magnetization in equilibrium by the spin
transfer effect is found in a ferromagnetic multilayer consisting of an in-plane magnetized free layer
and a perpendicularly magnetized pinned layer, where an in-plane magnetic field is applied, and
electric current flows from the pinned to the free layer. A fast transition from the in-plane to the
out-of-plane state occurs in the low-field region, whereas a slow transition with small-amplitude
oscillation becomes dominant in the high-field region. On the other hand, only the fast transition
mechanism appears for the opposite current direction.
PACS numbers:
Excitation of magnetization dynamics such as switch-
ing and self-oscillation in a ferromagnetic/nonmagnetic
multilayer by the spin transfer effect1,2 has been stud-
ied extensively for application in practical devices such
as magnetic memory and microwave generators3–15. It
has been recognized that there is a threshold value of the
electric current necessary to destabilize the magnetiza-
tion in equilibrium and excite any type of magnetization
dynamics by the spin torque effect. Evaluation of the
threshold current is important because it determines the
performance of spin torque devices, for example, power
consumption. To this end, a deep understanding of the
physical mechanism of magnetization instability due to
the spin torque is necessary.
In this letter, the physical mechanism destabilizing the
magnetization in a ferromagnetic multilayer consisting
of an in-plane magnetized free layer and a perpendic-
ularly magnetized pinned layer is studied theoretically.
We find that this system shows a crossover between two
mechanisms destabilizing the magnetization in equilib-
rium, depending on the magnitude of an in-plane ap-
plied magnetic field. A fast transition, on the order of
nanoseconds, from an in-plane stable state to an out-of-
plane state is dominant in the low-field region, whereas
a slow transition in a time range exceeding 100 ns with a
small-amplitude oscillation principally determines the in-
stability threshold in the high-field region. This crossover
appears only when the electric current flows perpendic-
ular to the plane from the pinned layer to the free layer.
When the current direction is reversed, the instability
threshold is determined solely by the fast transition.
Figure 1 schematically shows the system under con-
sideration. The z-axis is perpendicular to the film-plane,
and an in-plane magnetic field is applied along the x-axis.
The unit vectors pointing in the magnetization directions
of the free and pinned layers are denoted by m and p, re-
spectively. The magnetization of the pinned layer points
in the positive z-direction, p = +ez. The magnetiza-
tion dynamics in the free layer is described by the LLG
equation,
dm
dt
= −γm×H− γHsm× (p×m) + αm×
dm
dt
, (1)
m
p
Happl
x
z
FIG. 1: Schematic view of the system under consideration.
The unit vectors pointing in the magnetization directions of
the free and pinned layers are denoted as m and p, respec-
tively. The magnetic field is applied in the in-plane direction
parallel to the x-axis.
where γ and α are the gyromagnetic ratio and Gilbert
damping constant, respectively. The magnetic field con-
sists of an applied field Happl and demagnetization field
along the z-direction. Throughout this letter, the mag-
netic field is considered to point in the x-direction. Then
the effective magnetic field H in Eq. (1) is
H = Happlex − 4piMmzez, (2)
where M is the saturation magnetization. The mag-
netic field is related to the magnetic energy density E
via E = −M
∫
dm · H. In the absence of a current,
the magnetization stays in the equilibrium (minimum en-
ergy) state in the in-plane state, mmin = +ex. The en-
ergy density is classified into in-plane and out-of-plane re-
gions, which are divided by the saddle pointmd = −ex16.
The strength of the spin torque, Hs, is given by
Hs =
~ηj
2e(1 + λm · p)Md
, (3)
where η and λ are the spin polarization and spin torque
asymmetry, respectively. The current density is de-
noted as j, whereas d is the thickness of the free layer.
Positive current corresponds to electron flow from the
free to the pinned layer. The values of the parameters
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FIG. 2: Magnetization dynamics excited by a positive cur-
rent close to the threshold values. The values of the in-plane
applied magnetic field and current density are (a) (10 Oe,
2.0 × 106 A/cm2), (b) (300 Oe, 36 × 106 A/cm2), and (c)
(1500 Oe, 119 × 106 A/cm2). Note that the time ranges of
(a) and (b) are 5 ns, whereas that of (c) is 200 ns.
used in the following calculations are taken from typi-
cal experiments15: M = 1300 emu/c.c., γ = 1.764× 107
rad/(Oe s), α = 0.01, d = 2 nm, η = 0.5, and λ = η2.
Note that the parameter λ has often been assumed to
be zero in previous works9–11,13,17, including our recent
work16, for simplicity. However, this parameter plays a
key role, as described in the following discussion. The
relation between λ and the material parameters was de-
rived theoretically in both a current-perpendicular-to-
plane giant magnetoresistive system and magnetic tunnel
junctions1,18,19. The parameter λ is usually positive.
Let us show examples of magnetization dynamics ob-
tained by solving Eq. (1) numerically. Figure 2(a) shows
the trajectory of the magnetization dynamics and the
time evolution of each components of m = (mx,my,mz)
for Happl = 10 Oe. The current density is 2.0 × 106
A/cm2, which is slightly above the threshold value.
Starting from the stable state, the magnetization im-
mediately shows a large amplitude out-of-plane self-
oscillation. On the other hand, when the field magni-
tude is 300 Oe, the magnetization ultimately converges
to m ≃ −ez and its dynamics stops without showing
stable self-oscillation, as shown in Fig. 2(b), where the
current density is 36 × 106 A/cm2. The absence of the
self-oscillation indicates that the threshold current den-
sity is larger than the current necessary to stabilize the
self-oscillation. This dynamics is consistent with our pre-
vious work16.
It is newly reported in this letter that the instability
mechanism undergoes a transition when the field mag-
nitude is further increased. An example of this dynam-
ics is shown in Fig. 2(c), where Happl = 1500 Oe and
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FIG. 3: Magnetization dynamics excited by a negative cur-
rent close to the threshold values. The values of the in-plane
applied magnetic field and current density are (a) (10 Oe,
−2.0× 106 A/cm2), (b) (300 Oe, −37× 106 A/cm2), and (c)
(1500 Oe, −187× 106 A/cm2).
j = 119 × 106 A/cm2. The magnetization shows an in-
plane precession before it moves to the point m ≃ −ez.
We emphasize that a relatively long period of time is nec-
essary to move to the out-of-plane state, compared with
the low-field case. For example, it takes more than 100 ns
for the high-field case shown in Fig. 2(c), whereas almost
1 ns is sufficient for the low field case in Fig. 2(b).
We find that a negative current can also destabilize the
magnetization, but a crossover between different mecha-
nisms of instability does not exist. Figures 3(a)-(c) show
the trajectories and time evolutions of the magnetization
dynamics, where the field magnitudes are the same as
those shown in Figs. 2(a)-(c), respectively. The values
of the current density are close to the threshold values,
(a) −2.0, (b) −37, and (c) −187 ×106 A/cm2. In all
cases, the magnetization immediately moves to the out-
of-plane state in a short period of time without showing
an in-plane precession, and shows large amplitude self-
oscillation or arrives at the point m ≃ +ez, depending
on the field magnitude.
The dots in Fig. 4 summarize the dependence of the
threshold current density on the in-plane applied field
magnitude20. In both positive and negative current re-
gions, the threshold current density increases with in-
creasing field magnitude. However, the field dependence
of the threshold current changes at Happl ≃ 1 kOe in the
positive current region, where the instability mechanism
changes from the fast transition shown in Figs. 2(a) and
2(b) to the slow one in Fig. 2(c). Figure 4 is the central
result in this letter.
The above numerical results are explained by two theo-
ries focusing on different instability mechanisms. One ap-
proach, which has been widely used to analyze the spin-
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FIG. 4: Dependence of the threshold current density evalu-
ated by solving Eq. (1) numerically (dots). Equation (5) and
(7) are also indicated by dotted and solid lines, respectively.
torque-induced magnetization dynamics, is called linear
analysis of the LLG equation9,17,21. In this approach,
the spin torque is assumed to cancel the damping torque
when the current magnitude equals that of the thresh-
old current. Therefore, the magnetization shows a small-
amplitude oscillation around a stationary state because
of the precessional torque, which is given by the first term
on the right hand side of Eq. (1). When the current mag-
nitude is increased slightly, the spin torque slightly over-
comes the damping torque, and the magnetization moves
from the stable state slowly, accompanied by precession.
In the present system, the stable state is m = +ex, and
the linearized LLG equation describes the small ampli-
tude oscillations of my and mz as
1
γ
d
dt
(
mz
my
)
+M
(
mz
my
)
=
~ηj
2eMd
(
1
0
)
, (4)
where the components of the 2× 2 matrix M are M1,1 =
α(Happl+4piM)− [~ηλj/(2eMd)], M1,2 = Happl, M2,1 =
−Happl − 4piM , and M2,2 = αHappl. The solution of
Eq. (4) is described by exp{γ[±i
√
det[M]− (Tr[M/2])2−
Tr[M]/2]t}. The threshold current of the linearized LLG
equation is defined as the current satisfying Tr[M] = 021
and is given by
jc =
4αeMd
~ηλ
(Happl + 2piM) . (5)
We emphasize that Eq. (5) has a fixed sign (positive
in the present case), and diverges in the limit of λ → 0.
This is because only the spin torque excited by the posi-
tive current has a component antiparallel to the damping
torque after the spin torque is averaged over the preces-
sion when λ > 0, and therefore, can cancel the damping
torque.
Another approach to deriving the theoretical formula
for the threshold current focuses on energy absorption of
the magnetization from the work done by the spin torque
during a time shorter than the precession period16. In
this case, the threshold current is defined as the current
satisfying
∫
md
mmin
dt
dE
dt
= Esaddle − Emin. (6)
According to Eq. (6), the magnetization absorbs energy
sufficiently larger than the energy barrier, Esaddle−Emin,
between the in-plane stable state and the out-of-plane
state from the work done by the spin torque. The inte-
gral path in Eq. (6) moves directly from the minimum
energy state to the saddle point without any precession,
indicating that Eq. (6) can be used to evaluate the tran-
sition during a time shorter than the precession period.
When the applied field magnitude Happl is much smaller
than the demagnetization field, 4piM , the threshold cur-
rent density satisfying Eq. (6) is approximately given
by
jth± = ∓
2eMd
~η
4piM
N
D±
, (7)
where N and D± are
N =4λ2
[
2α (3− 2h) (1− h)
√
h(1− h) + 3h
]
×
√
1− 4λ2h(1− h),
(8)
D± =3
{√
1− 4λ2h(1− h)
[
pi ∓ 4λ
√
h(1− h)
]
−2
[
1− 2λ2 (1− h)
]
cos−1
[
±2λ
√
h(1− h)
]}
,
(9)
and h = Happl/(4piM). The current jth+(−) is the cur-
rent necessary to move the magnetization to the positive
(negative) z region, and its sign is negative (positive).
In this approach, both positive and negative current can
destabilize the magnetization. This is because, if we focus
on the time shorter than the precession period, the spin
torque can have component antiparallel to the damping
torque for both current directions.
In Fig. 4, we also show Eqs. (5) and (7) by dot-
ted and solid lines, respectively. In the positive current
region, the numerically evaluated threshold current den-
sity, shown by dots, is well fitted by min[jc, jth−]. For
a low field (Happl . 1 kOe for the present parameters),
the threshold current density is given by jth−, from Eq.
(7), which is derived by focusing on the fast transition
from the in-plane to the out-of-plane state during a time
shorter than the precession period. In fact, as shown in
Figs. 2(a) and 2(b), the transition occurs within a rela-
tively short time. On the other hand, for a high field, the
threshold current is given by jc, from Eq. (5), which is
derived from the linearized LLG equation, which assumes
small-amplitude oscillation around the stationary state.
This is also consistent with the numerical result shown
in Fig. 2(c), where the in-plane precession was observed
4before the transition. On the other hand, the threshold
current density in the negative current region is well fit-
ted by jth+. This is consistent with the numerical result
in Fig. 3 where the instability occurs in a short period of
time in both low- and high-field regions. The difference
between the numerical and theoretical results for nega-
tive current in the relatively high-field region is due to
the fact that Eq. (7) is valid for h = Happl/(4piM)≪ 1.
We emphasize that the spin torque asymmetry λ plays
a key role in observing the crossover of the two physical
mechanisms found in the positive current region in Fig.
4. When λ is zero, Eq. (5) diverges; thus, min[jc, jth−]
is always jth−. This means that only the fast transition
from the in-plane to the out-of-plane state occurs, similar
to the situation in the negative current region; therefore,
a crossover does not exist16. On the other hand, for finite
λ, the magnitude relation between jc and jth− changes at
a certain field magnitude (Happl ≃ 1 kOe for the present
parameters); thus, the crossover is observed.
The values of the parameters used in the above calcu-
lations are derived from typical experiments8,11,14,15. As
shown in Fig. 4, the current density required to observe
the crossover (∼ 108 A/cm2) is relatively high. There-
fore, a giant magnetoresistive system, rather than a mag-
netic tunnel junction, will be preferable for observing the
crossover experimentally.
In conclusion, we evaluated the threshold current re-
quired to destabilize the magnetization in equilibrium by
spin torque in a ferromagnetic multilayer consisting of
an in-plane magnetized free layer and a perpendicularly
magnetized pinned layer. The central result is shown in
Fig. 4, where a crossover between two physical mecha-
nisms destabilizing the magnetization is observed in the
positive current region. A fast transition from the in-
plane stable state to the out-of-plane state occurs in the
low-field region, whereas a slow transition with the small-
amplitude oscillation around the stable state is dominant
in the high-field region. On the other hand, only the fast
transition occurs in the opposite current direction.
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